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1. Introduction
Möbius transformations are well known and fundamental in complex analysis, and they have many beautiful properties.
For instance, a map is Möbius if, and only if, it preserves cross ratios. Moreover, the property of circle preserving is the most
well-known characterization of Möbius transformations. In [1], H. Haruki and T.M. Rassias gave a characterization of Möbius
transformations by using Apollonius quadrilaterals. The quadrilateral ABCD in C is said to be an Apollonius quadrilateral
if |A − B||C − D| = |B − C ||A − D|, where | · | denotes the Euclidean distance. It is proved that if f is meromorphic in C,
and if f sends Apollonius quadrilaterals to Apollonius quadrilaterals, then f is Möbius. In [13], S. Yang and A. Fang con-
sidered the hyperbolic disc D = {z ∈ C: |z| < 1} and presented a new characterization of Möbius transformations by using
two classes of hyperbolic geometric objects: Lambert quadrilaterals and Saccheri quadrilaterals. Moreover, in [14], S. Yang
proved that an injection of the hyperbolic plane is Möbius if, and only if, for some 0 < θ < π , f preserves triangles with
an interior angle θ . Furthermore, in [4], J. Liu presented a new characterization of Möbius transformations by using polygons
having type A. In [9], A.-A. Ungar employed the Möbius gyrovector spaces for the introduction of the hyperbolic square in
the Poincaré ball model of hyperbolic geometry and the author emphasized that the hyperbolic square is richer in structure
than its Euclidean counterpart. In [2], J. Jeffers gave a characterization of hyperbolic isometries (in fact, these are Möbius
transformations) by using hyperbolic lines. Later on, B. Li and Y. Wang [3] proved that a bijection f : Dn → Dn , where Dn
is the unit ball, is a hyperbolic isometry if, and only if, f is triangle domain preserving. In this paper, our results are sim-
ilar to that due to Li and Wang, however, here we will follow different arguments. Our proofs are based on a geometric
approach.
2. Möbius transformations of the disc
The most general Möbius transformation of the complex open unit disc D = {z ∈ C: |z| < 1} in the complex z-plane
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1+ z0z = e
iθ (z0 ⊕ z)
deﬁnes the Möbius addition ⊕ in the disc, allowing the Möbius transformation of the disc to be viewed as a Möbius left
gyrotranslation
z → z0 ⊕ z = z0 + z
1+ z0z
followed by a rotation. Here θ is a real number, z0 ∈ D, and z0 is the complex conjugate of z0. Möbius substraction “” is
given by a z = a⊕ (−z), clearly z z = 0 and z = −z. Möbius addition ⊕ is a binary operation in the disc D, but clearly
it is neither commutative nor associative. Möbius addition ⊕ gives rise to the groupoid (D,⊕) studied by A.-A. Ungar in
several books and articles including [5–12]. Möbius addition is analogous to the common vector addition + in Euclidean
plane geometry. Since Möbius addition ⊕ is not associative, the groupoid (D,⊕) is not a group. However, it has a group-like
structure that we present below.
The breakdown of commutativity in Möbius addition is “repaired” by the introduction of the gyrator (see [11, Deﬁni-
tion 2.7, p. 17]),
gyr : D × D → Aut(D,⊕)
which gives rise to gyrations,
gyr[a,b] = a ⊕ b
b ⊕ a =
1+ ab
1+ ab (1)
where Aut(D,⊕) is the automorphism group of the groupoid (D,⊕). Therefore, the gyrocommutative law of Möbius addition
⊕ follows from the deﬁnition of gyration in (1),
a ⊕ b = gyr[a,b](b ⊕ a). (2)
Coincidentally, the gyration gyr[a,b] that repairs the breakdown of the commutative law of ⊕ in (2), repairs the breakdown
of the associative law of ⊕ as well, giving rise to the respective left and right gyroassociative laws
a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ gyr[a,b]c,
(a ⊕ b) ⊕ c = a ⊕ (b ⊕ gyr[b,a]c)
for all a,b, c ∈ D.
Deﬁnition 1. A groupoid (G,⊕) is a gyrogroup if its binary operation satisﬁes the following axioms:
(G1) 0⊕ a = 0 (left identity property);
(G2) a ⊕ a = 0 (left inverse property);
(G3) a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ gyr[a,b]c (left gyroassociative law);
(G4) gyr[a,b] ∈ Aut(G,⊕) (gyroautomorphism);
(G5) gyr[a,b] = gyr[a ⊕ b,b] (left loop property)
for all a,b, c ∈ G.
Additionally, if the binary operation “⊕” obeys the gyrocommutative law
(G6) a ⊕ b = gyr[a,b](b ⊕ a) (gyrocommutative law)
for all a,b, c ∈ G, then (G,⊕) is called a gyrocommutative gyrogroup. It is easy to see that −a = a for all elements a
of G.
Clearly, with these properties, one can now readily check that the Möbius complex disc groupoid (D,⊕) is a gyrocom-
mutative gyrogroup.
The axioms in Deﬁnition 1 imply the right identity property, the right inverse property, the right gyroassociative law and
the right loop property. We refer readers to [11,8] for more details about gyrogroups.
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Let us identify complex numbers of the complex plane C with vectors of the Euclidean plane R2 in the usual way:
C  u = u1 + iu2 = (u1,u2) = u ∈ R2.
Then the equations
uv + uv = 2(u · v),
|u| = ‖u‖ (3)
give the inner product and the norm in R2, so that Möbius addition in the disc D of C becomes Möbius addition in the
disc R21 = {v ∈ R2: ‖v‖ < 1} of R2. Indeed, we get from Eq. (3) that
u ⊕ v = u + v
1+ uv
= (1+ uv)(u + v)
(1+ uv)(1+ uv)
= (1+ uv+uv + |v|
2)u + (1− |u|2)v
1+ uv+uv + |u|2|v|2
= (1+ 2u · v+‖v‖
2)u+(1− ‖u‖2)v
1+ 2u · v+‖u‖2‖v‖2
= u⊕ v (4)
for all u, v ∈ D and all u,v ∈ R21.
4. Möbius addition in the ball
Let V be any real inner-product space and
Vs =
{
v ∈ V: ‖v‖ < s}
be the open ball of V with radius s > 0. Möbius addition in Vs is motivated by Eq. (4), and is given by
u⊕ v = (1+ (2/s
2)u · v+ (1/s2)‖v‖2)u+ (1− (1/s2)‖u‖2)v
1+ (2/s2)u · v+ (1/s4)‖u‖2‖v‖2 (5)
where · and ‖ · ‖ are the inner product and norm that the ball Vs inherits from its space V and where, ambiguously, +
denotes both addition of real numbers on the real line and addition of vectors in V.
Without loss of generality, we may assume that s = 1 in Eq. (5). We, however, prefer to keep s as a free positive
parameter in order to exhibit the results in the limiting case as s → ∞, when the ball Vs expands to the whole of its real
inner-product space V, and Möbius addition ⊕ reduces to vector addition + in V, i.e.,
lim
s→∞u⊕ v = u+ v
and
lim
s→∞Vs = V.
Möbius scalar multiplication is given by
r ⊗ v = s (1+ ‖v‖/s)
r − (1− ‖v‖/s)r
(1+ ‖v‖/s)r + (1− ‖v‖/s)r
v
‖v‖
= s tanh(r tanh−1 ‖v‖/s) v‖v‖
where r ∈ R, u,v ∈Vc , v = 0 and r ⊗ 0 = 0.
Möbius scalar multiplication possesses the following properties:
(P1) n ⊗ v = v ⊕ v ⊕ · · · ⊕ v (n-terms);
(P2) (r1 + r2) ⊗ v = r1 ⊗ v⊕ r2 ⊗ v (scalar distribute law);
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(P4) r ⊗ (r1 ⊗ v⊕ r2 ⊗ v) = r ⊗ (r1 ⊗ v) ⊕ r ⊗ (r2 ⊗ v) (monodistribute law);
(P5) ‖r ⊗ v‖ = |r| ⊗ ‖v‖ (homogenity property);
(P6) |r|⊗v‖r⊗v‖ = v‖v‖ (scaling property);
(P7) gyr[a,b](r ⊗ v) = r ⊗ gyr[a,b]v (gyroautomorphism property);
(P8) 1⊗ v = v (multiplicative unit property).
Deﬁnition 2 (Möbius gyrovector spaces). Let (Vs,⊕) be a Möbius gyrogroup equipped with scalar multiplication ⊗. The triple
(Vs,⊕,⊗) is called a Möbius gyrovector space.
Deﬁnition 3. The hyperbolic distance function in Rns , given by
d(A,B) = ‖A B‖
for A,B ∈ Rns . Similarly, the hyperbolic distance function in D, given by
d(A, B) = |A  B|
for A, B ∈ D.
The gyrodistance function in hyperbolic geometry gives rise to a gyrotriangle inequality which involves a gyroaddition ⊕.
In contrast, the familiar hyperbolic distance function in the literature is designed so as to give rise to a triangle inequality
which involves the addition +. The connection between the gyrodistance function and the standard hyperbolic distance
function is described in [8].
5. Möbius gyroline and gyroangle
As is well known from Euclidean geometry, the straight line passing though two given points A and B of a vector space
R
n can be represented by
A + (−A + B)t,
t ∈ R. Obviously it passes through A when t = 0, and through B when t = 1.
In full analogy with Euclidean geometry, the unique Möbius geodesic passing though two given points A and B of a
Möbius gyrovector space (Vs,⊕,⊗) is represented by the parametric gyrovector equation
LAB = A⊕ (A⊕ B) ⊗ t
with parameter t ∈ R. It passes through A when t = 0, and through B when t = 1. The gyroline LAB turns out to be a circular
arc that intersects the boundary of the ball Vs orthogonally. The gyromidpoint MAB of the points A and B corresponds to
the parameter t = 1/2 of the gyroline LAB , see [8],
MAB = A⊕ (A⊕ B) ⊗ 1
2
.
The measure of a Möbius angle between two intersecting geodesic rays equals the measure of the Euclidean angle between
corresponding intersecting tangent lines, as shown in Fig. 1.
The hyperbolic angle is invariant under left gyrotranslations and rotations, see [5].
6. Möbius gyrotriangle and regular gyropolygon
Deﬁnition 4. (See [8].) A gyrotriangle ABC in the complex unit disc D ={z ∈ C: |z| < 1} is a hyperbolic space object formed
by the three points A, B,C ∈ D, called the vertices of the gyrotriangle, and the hyperbolic vectors (that is gyrovectors)
A ⊕ B , B ⊕ C and C ⊕ A, called the sides of the gyrotriangle. These are respectively the sides opposite to the vertices
C, A and B . The gyrotriangle sides generate the three gyrotriangle gyroangles α, β and γ at the respective vertices A, B
and C , as shown in Fig. 2.
Deﬁnition 5. (See [8].) Let ABC be a gyrotriangle in D with vertices A, B and C , corresponding angles α, β , γ . The value δ,
δ = π − (α + β + γ )
is called the defect of the gyrotriangle ABC .
570 O. Demirel, E. Soytürk Seyrantepe / J. Math. Anal. Appl. 374 (2011) 566–572Fig. 1. The unique geodesic that passes through two given points and the hyperbolic angle between two intersecting geodesic rays in D.
Fig. 2. A hyperbolic triangle in D.
From now on, when we say angle, triangle and regular polygon we mean hyperbolic angle, hyperbolic triangle and
hyperbolic regular polygon, respectively.
Let ABC be a triangle in D with vertices A, B , C ∈ D. The angle measures α, β , γ of the angles at the vertices A, B and
C are given by
α = A ⊕ B|A ⊕ B| ·
A ⊕ C
|A ⊕ C | ,
β = B ⊕ C|B ⊕ C | ·
B ⊕ A
|B ⊕ A| ,
γ = C ⊕ A|C ⊕ A| ·
C ⊕ B
|C ⊕ B| .
The following theorem plays a major role in hyperbolic geometry since the triangle angles determine uniquely its side
lengths as follows:
Theorem 6. (See [8].) Let ABC be a triangle in D with vertices A, B and C, corresponding angles α,β,γ , 0 < α + β + γ < π , and
side lengths |B ⊕ C |, |C ⊕ A|, |A ⊕ B|. The side lengths of the triangle ABC are determined by its angles according to the AAA
to S S S converison equations
|B ⊕ C |2 = cosα + cos(β + γ )
cosα + cos(β − γ ) ,
|C ⊕ A|2 = cosβ + cos(α + γ )
cosβ + cos(α − γ ) ,
|A ⊕ B|2 = cosγ + cos(α + β)
cosγ + cos(α − β) . (6)
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|An−1 An| = |An A1| =: a, and all angles of equal measure  A1A2A3 =  A2A3A4 = · · · =  An−1An A1 =  An A1A2 =: θ > 0.
The regular polygon defect is δ = (n − 2)π − nθ .
7. A characterization of Möbius transformations by use of hyperbolic regular polygons
Let us denote by X ′ the image of X under f , by [A, B] the hyperbolic geodesic segment between points A and B , by AB
the hyperbolic geodesic passing though point A and B , and by  B AC the angle between [A, B] and [A,C].
Lemma 8. Let f : D → D be a continuous bijection which preserves isosceles triangles. Then f preserves angles at the vertices of
isosceles triangles.
Proof. Let ABC be an isosceles triangle in D such that |A  B| = |A  C |,  C AB = α and  ABC = β =  BC A. Firstly, we
have to show that  A′B ′C ′ =  B ′C ′A′ holds true. Let us assume  A′B ′C ′ =  B ′C ′A′ and denote the measure of the angle
 A′B ′C ′ by γ . Without loss of generality, we may assume θ :=  B ′C ′A′ =  C ′A′B ′ .
Case 1. If 2β > α > β , then one can ﬁnd two points D, E on the segment [B,C] such that  C AE = β =  DAB holds. Clearly,
the points D ′ and E ′ also lie on the segment [B ′,C ′] since f is injective. Because of the fact that the triangle ABD is
isosceles, we get that the triangle A′B ′D ′ is also isosceles. Therefore, we have either  B ′D ′A′ =  D ′A′B ′ or  B ′D ′A′ =
 A′B ′D ′ . It is easy to show that  B ′D ′A′ =  A′B ′D ′ holds true. Otherwise, the sum of the measures of the interior angles of
triangle A′D ′C ′ would be greater than π . Similarly, the triangle A′E ′C ′ is also isosceles, since the triangle AEC is isosceles.
In this situation, we have either  A′E ′C ′ = θ or  A′E ′C ′ =  C ′A′E ′ . We denote the measures of the angles  C ′A′D ′ ,  D ′A′E ′ ,
 E ′A′B ′ by θ1, θ2, θ3, respectively. Now, consider the ﬁrst case  A′E ′C ′ = θ . Clearly, the sum of the measures of the interior
angles of triangle A′B ′E ′ is equal to θ3 + γ + (π − θ). This sum must be less than π . Hence, we get γ < θ1 + θ2. Similarly,
the sum of the measures of the interior angles of triangle A′D ′C ′ is equal to θ1 + θ + π − γ and this sum must be less
than π . Thus, we get θ1 + θ < γ . From the two inequalities γ < θ1 + θ2 and θ1 + θ < γ , we get θ < θ2 and this contradicts
θ > θ2. Now, consider the case  A′E ′C ′ = θ1 + θ2. The sum of the measures of the interior angles of triangle A′B ′E ′ is equal
to π − (θ1 + θ2) + θ3 + γ and it must be less than π . Thus, we obtain γ < θ1 + θ2 − θ3. We know from above that θ1 + θ is
less than γ . Hence, we get θ < θ2 − θ3 and this contradicts θ > θ2 + θ3.
Case 2. If α  2β , using the above method, one can easily show that  A′B ′C ′ =  B ′C ′A′ holds.
Case 3. If β > α, then one can ﬁnd a point F on the segment [A, B] such that  F C A = α. Clearly, the sum of the measure
of the interior angles of triangle F C B is equal to π −  AFC + (β −α)+β , and this sum must be less than π . Therefore, we
get (β − α) + β <  AFC . From the assumption, we get α < (β − α) + α < (β − α) + β <  AFC . From the cases above, we
get  C ′A′F ′ =  F ′C ′A′ , but this contradicts  B ′C ′A′ =  C ′A′B ′ .
Now, construct a sequence of isosceles triangles ABi Bi+1 such that |A  Bi | = |A  Bi+1| and  Bi ABi+1 = 2πn , where
n is an integer. Clearly, n > 2 and by the assumption of theorem, each of the triangles A′B ′i B
′
i+1 is also isosceles for all
1 i  n−1. Because of the fact that f is injective and B1 = Bn+1, we get B ′1 = B ′n+1. Hence, we must have  B ′i A′B ′i+1 = 2πn
for all 1  i  n − 1. Accordingly, f preserves m(2π)n -valued angles at the vertex A, where m is an integer. Since f is
continuous and the set of rational numbers is dense in R, we immediately get that f preserves the measures of all angles
at the vertex A, i.e.,  C AB =  C ′A′B ′ .
Case 1. Let us take |A  B| > |C  B|. In this situation, one can easily ﬁnd a point M on [A, B] such that |C  B| = |M  B|
holds. Since the triangle BCM is isosceles and following the arguments above, we have that  ABC =  MBC =  M ′B ′C ′ =
 A′B ′C ′ holds.
Case 2. Let us take |A  B| < |C  B|. Now, pick a point N on [B,C] such that |A  B| = |B  N| holds true. Therefore, the
triangle ABN is obviously isosceles and following the arguments above, we get that  ABC =  ABN =  A′B ′N ′ =  A′B ′C ′
holds.
Thus, we proved that f preserves the measures of angles at the vertices of all isosceles triangles. 
The following result can be obtained by hyperbolic segments drawn from the vertices of the regular polygon to its center.
Corollary 9. Let f : D → D be a continuous bijection which preserves isosceles triangles. Then f preserves regular polygons.
The following result can be obtained by Lemma 8.
Corollary 10. Let f : D → D be a continuous bijection which preserves isosceles triangles. Then f preserves the measures of angles at
the vertices of all regular polygons.
Theorem 11. Let f : D → D be a continuous bijection. Then f is Möbius if, and only if, f preserves isosceles triangles.
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and f (0) = 0 by composing with an isometry if necessary. Let x and y be two arbitrary points. Without loss of generality
we may assume that |x| < |y| holds.
Case 1. Let x, y and 0 be not collinear. Obviously, one can ﬁnd a point k on the line 0y such that |k| = |x|, where k is
between 0 and y and also one can ﬁnd a point q on Ox such that |q| = |y|, where x is between 0 and q. Clearly, the
triangles q0y and x0k are isosceles. By the assumption of the theorem, the image triangles q′0y′ and x′0k′ are also isosceles
and  q′0y′ =  x′0k′ holds. By Lemma 8, and Eq. (6), we must have |x| = |x′|, |y| = |y′| and |x  y| = |x′  y′|. Clearly, the
equality |x y| = |x′  y′| implies that
xy + xy = x′ y′ + x′ y′ (7)
holds. As xy + xy = x′ y′ + x′ y′ , f preserves inner-products and then is the restriction on D of an unitary transformation,
that is, f is Möbius.
Case 2. Let x, y and 0 be collinear and L be a line passing through the origin. Now we pick two points p, q on L such that
|x| = |p|, |y| = |q|, and  x0p =  y0q. It is not hard to see that Eq. (7) holds in this case, too.
The proof is clear if we take |x| = |y|. So we omit it. 
Theorem 12. Let f : D → D be a continuous bijection. Then f is Möbius if, and only if, f preserves regular polygons.
Proof. The “only if” part is clear since f is an isometry. Conversely, we may assume that f preserves regular polygons and
it suﬃces to prove that f preserves isosceles triangles. Let ABC be an isosceles triangle in D such that |A  B| = |A  C |.
Now, construct a sequence of isosceles triangles ABi Bi+1 such that |A  Bi | = |A  Bi+1| and  Bi ABi+1 = 2πn , where n
is an integer. Since f is injective and B1 = Bn+1, we get B ′1 = B ′n+1. Obviously, B1B2 · · · Bn is a regular polygon centered
at A, and by the assumption of the theorem B ′1B ′2 · · · B ′n is also a regular polygon centered at A′ . Therefore, we must have
 B ′i A
′B ′i+1 = 2πn for all 1  i  n − 1. Obviously, f preserves m(2π)n -valued angles at the vertex A, where m is an integer.
Because of the fact that f is continuous and the set of rational numbers is dense in R, we get that f preserves the measures
of angles at the vertex A. Similarly, one can easily show that f preserves the measures of angles at the other vertices of
the triangle ABC . Indeed, this can be obtained by use of the method in Lemma 8. Therefore, we proved that f preserves
the measures of angles with the vertices of all isosceles triangles and this implies that f is Möbius. 
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